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Abstract
In this work we show that 3d Feynman amplitudes of standard QFT in flat and homogeneous space can
be naturally expressed as expectation values of a specific topological spin foam model. The main interest of
the paper is to set up a framework which gives a background independent perspective on usual field theories
and can also be applied in higher dimensions. We also show that this Feynman graph spin foam model,
which encodes the geometry of flat space-time, can be purely expressed in terms of algebraic data associated
with the Poincare´ group. This spin foam model turns out to be the spin foam quantization of a BF theory
based on the Poincare´ group, and as such is related to a quantization of 3d gravity in the limit GN → 0. We
investigate the 4d case in a companion paper [1] where the strategy proposed here leads to similar results.
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I. INTRODUCTION
There has been a recent understanding and new results concerning the consistent coupling of
matter fields to 3d quantum gravity amplitudes, in the context of the spin foam approach to 3d
quantum gravity [2, 3, 4, 5, 6, 7]. These results have led to the construction of an effective field
theory, describing the coupling of quantum fields to quantum gravity [8, 9], which arises after the
exact integration of quantum gravitational degrees of freedom. This effective field theory lives on
a non-commutative space-time whose geometry is studied in detail in [10]. When the no gravity
limit GN → 0 is taken, the geometry becomes commutative and usual field theory is recovered.
From the spin foam side, the way usual Feynman diagrams are recovered is highly non trivial,
since quantum gravity amplitudes are expressed as purely algebraic objects in terms of spin foam
models, a language quite remote from usual field theory language. The fact that Feynman diagrams
arise from this picture effectively, amounts to show that usual field theory can be expressed in a
background independent manner, where flat space-time emerges dynamically from the choice of
spin foam amplitudes. Namely, this amounts to show that Feynman amplitudes can be expressed
as the expectation value of certain observables in a topological spin foam model.
Note that this last statement is not a statement regarding quantum gravity but one regarding
well known Feynman diagrams in 3d. It is then natural to wonder if one can reach a deeper under-
standing of this property; whether it is tied up to the topological nature of gravity in dimension 3
or if it can be extended to field theory in higher dimensions. It also begs the question, whether or
not Feynman diagrams contain some seeds of information about quantum gravity dynamics.
A natural strategy to address successfully these questions is to start from a careful study of
the structure of Feynman graph amplitudes, without any assumption about the nature of quantum
gravity dynamics. The goal is to see why and how such familiar objects can be interpreted in terms
of spin foam models, which have appeared to be a suitable language to address dynamical question
in a background independent approach to quantum gravity [11].
Usual Feynman diagrams are natural observables1 from which physical predictions regarding
matter interactions in space-time can be extracted. As such, they allow one in principle to probe
the geometry of space-time at arbitrarily small scales. Moreover, they can be naturally promoted
to physical observables in any theory of quantum gravity. Therefore, the preferred spin foam
model - if any - which is related to Feynman diagrams should give us some important seeds of
information about the structure of quantum gravity amplitudes. In other words, if one assumes
that it is possible to consistently describe quantum gravity amplitudes coupled to matter in terms of
a spin foam model, a necessary requirement for the spin foam amplitudes, in order to be physically
relevant, is to reduce to the ones appearing in the study of Feynman diagrams when GN → 0. This
gives strong restrictions on the admissible, physically viable spin foam models.
In this paper we focus our study to the case of 3-dimensional Feynman diagrams, but as should
be clear from our work and as shown in a companion paper [1], most of the results obtained here
can be extended to the more interesting and challenging case of 4-dimensional amplitudes. What
makes the analysis work is not that gravity is a topological theory but the fact that, when coupled
to matter, quantum gravity in the limit GN → 0 behaves as a topological field theory. This is a
trivial fact in dimension 3 and has been argued to be true in dimension 4 when one takes this limit
while preserving diffeomorphism invariance [12].
The main idea behind our analysis is the fact that in 3d, quantum gravity amplitudes provide an
1 Of course, any observable quantity is actually given by a sum of Feynman diagrams, for instance those of fixed
valency and given degree, as generated by a field theory at given order of perturbation, and subject to renor-
malization procedure. In order to keep the exposition simple we will refer to individual Feynman diagrams, in a
regularized form in order to avoid divergences.
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integration measure for the integration of Feynman graph amplitudes. This idea is contained in [8]
and spelled out in [13]. When gravity is turned off, this measure should be related to the Lebesgue
measure expressed in terms of relatives lengths, which are Poincare´ scalars. When gravity is turned
on, this measure is deformed and reveals the quantum nature of the corresponding space-time.
The organization of this paper is as follows. In section II we first express explicitly the change
of variables from the Lebesgue measure that arises in Feynman graph integration, to the measure
expressed in terms of relative distances. In section III we present our main result, namely that
Feynman integrals can be expressed as the expectation value of an observable for a topological
spin foam model. This model is constructed out by removing all explicit information about flat
space into a uniquely defined choice of amplitudes. We carefully study this model, especially its
symmetries and its gauge fixing properties, and show that it defines a topological state sum model.
This topological model, which naturally emerges from Feynman graphs, has already been studied
in the mathematical literature from a different perspective by Korepanov [14]. In section IV we
show that the tetrahedral weights entering the definition of the topological state sum model can be
given an algebraic interpretation in terms of the 6j-symbol of the Poincare´ group; this 6j-symbol is
computed explicitly and for the first time. We also relate this model to the Ponzano-Regge model
via a doubling and limiting procedure. Finally we show how to extend these results to the case of
a non vanishing cosmological constant.
II. FEYNMAN DIAGRAMS IN TERMS OF INVARIANT MEASURE
We consider QFT in flat Euclidean D-dimensional space-time and focus on closed Feynman
diagrams for a scalar field. The Feynman amplitude for a graph Γ is given by an integral over the
position in RD of N vertices. The (Euclidean) Poincare´ group ISOD acts diagonally on these N
points
(~x1, · · · , ~xN )→ (Λ · ~x1 + ~a, · · · ,Λ · ~xN + ~a)
where (Λ,~a) ∈ SOD × RD is a general element of the Euclidean Poincare´ group. The integrand is
a function of the distances between the vertices, namely an invariant under the action of ISOD
IΓ =
∫
RD
dDx1 · · · dDxN OΓ(|~xi − ~xj|), with OΓ =
∏
(ij)∈Γ
GF (~xi − ~xj) (1)
GF is the Feynman propagator and the product is over all edges of Γ. Following the ideas of
[8, 13], we want to express this integral in terms of the invariant measure, involving the quantities
lij = |~xi − ~xj|. On one hand, ND variables are integrated over in (1) while the dimension of the
Poincare´ group is 12 D(D + 1); consequently, the invariant measure depends on ND − 12 D(D + 1)
variables: the number of independent variables required to place the vertices with respect to each
other2. On the other hand, the number of length variables lij is
1
2N(N−1). Note that the quantity:
N(N − 1)
2
−
[
ND − D(D + 1)
2
]
=
(N −D)(N −D − 1)
2
(2)
which computes the number of redundant edge lengths, vanishes only for N = D and N = D + 1.
2 Precisely this quantity is the number of continuous variables required to place the vertices with respect to each
other modulo discrete transformations.
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First, for N = D, we split the measure into the Haar measure for ISOD and a product of lijdlij
dDx1 · · · dDxD = dDadΛ
∏
i<j
lijdlij, (3)
where a is the barycenter of the D points and dΛ is the Haar measure on SOD. The volume of
SOD with respect to this measure is given by
AD =
2D−1π
D(D+1)
4∏D
k=1 Γ(
k
2 )
,
so A2 = 2π,A3 = 2
3π2 and A4 = 2
4π4. Given an additional point xD+1, one can build a D-simplex
in RD with vertices xi, and express the Lebesgue measure in terms of the edge lengths as
dDxD+1 =
∑
ǫ=±1
∏D
i=1 liD+1dliD+1
V(lij) (4)
V(lij) is D! times the volume of the simplex whose edge lengths are lij. In the rest of the paper,
we will simply call ‘volume’ the quantity V. ǫ labels the orientation3 of the D-simplex x1 · · · xD+1.
The proof of (4) is easily obtained by computing the jacobian of the linear function which maps
an orthonormal basis ei to the basis defined by the vectors {xi}i=1···D. Let y ∈ RD and li = |y−xi|;
we have
D∏
i=1
lidli =
D∏
i=1
d
(y − xi)2
2
=
D∏
i=1
dyjdet
(
∂
∂yj
(y − xi)2
2
)
(5)
=
D∏
i=1
dyi |det(ej · (y − xi))| = dDy
√
det((y − xj) · (y − xi)) (6)
This last determinant is D! times the volume of the simplex x1, · · · , xD, y. The previous identity is
a local identity showing that the map y → li is locally invertible away from the hyperplane spanned
by x1, · · · , xD. This map is globally invertible on each half space separated by this hyperplane. The
sum over orientations comes from the fact that the set of edge lengths li determines the position
of y up to a reflection with respect to the hyperplane spanned by x1, · · · , xD. Such a reflection
is in O(D), but not in SO(D), and changes the orientation of the D-simplex. The equality of
measures (4) is then understood as an equality for integrating out a function of xD+1 in the LHS
and a function of liD+1 and orientation ǫ in the RHS. The proof of (3) is obtained by a direct
computation and by recurrence.
So putting (3,4) together we get, for N = D + 1 points in RD, that the invariant measure is
given by:
dDx1 · · · dDxD+1 = dDadΛ
∑
ǫ
∏
ij lijdlij
V(lij) . (7)
A similar identity already appeared in [15].
Now for N = D + 2, the quantity (2) is equal to 1. Accordingly, the invariant measure will be
formulated using all the distances, except for one. One can indeed express it in terms of the edge
lengths of the polyhedron formed by two D-simplices glued together in RD along a (D−1)-simplex
3 The notion of orientation is precisely defined in appendix A.
5
(as shown in Fig 2 for D = 3). The missing edge length is the one joining the only two vertices,
denoted by a, b, which do not belong to the common (D − 1)-face. The measure is obtained by
using twice (4)
dDx1 · · · dDxD+2 = dDadΛ
∑
ǫa,ǫb
∏
(ij)6=(ab) lijdlij
VaVb (8)
where the product is over all edges (ij) different from (a, b), Va denotes the volume of the D-simplex
not containing a, and the sum is over orientations of the D-simplices a, b.
Note that the edge lengths lij, (ij) 6= (ab) only determine the geometry of the polyhedron
modulo reflections of the D-simplices along the common (D − 1)-face. In order to fully determine
the geometry, one needs to specify the orientations of the two D-simplices denoted a and b. Once
these orientations ǫa, ǫb are specified, the missing edge length can be uniquely reconstructed: lab =
lab(lij , ǫ). For fixed lij , the missing distance lab can take two values denoted by l
±
ab, with l
−
ab ≤ l+ab,
depending on whether the two points (a, b) are separated or not by the hyperplane spanned by
the common face. A simultaneous change of the two orientations is equivalent to a symmetry with
respect to this hyperplane, under which all distances remain invariant. Therefore, the length lab
depends only on the product ǫaǫb, in such a way, according to our conventions, that l
±
ab = l
ǫaǫb
ab . The
Fig 1 illustrates the D = 2 case. More details are given in appendix.
a
c d
b
a
c d
b
FIG. 1: Two triangles acd and bcd in the Euclidean plane share an edge (cd). On the left (resp. right)
lab = l
+
ab (resp. l
−
ab).
For a general value of N = D + k, we use repeatedly (k times) the equation (4) in order to
get the invariant measure. This invariant measure is based on a triangulation which is constructed
recursively: each time a vertex is added, we choose a (D − 1)-face on the existing triangulation,
and build a new D-simplex from this data. At each step we use (4) to construct the invariant
measure whose form depends on the triangulation ∆k. The triangulations obtained this way are
of special type: they are triangulations with a boundary being topologically a (D − 1)-sphere and
such that every (D − 2)-face lies on the boundary.
More formally, let BD be a D-dimensional ball BD with n = D + k points marked on its
boundary. We now consider a triangulation ∆k of BD with D + k vertices, such that every vertex
and every (D − 2)-face are on the boundary. In other words ∆k is a triangulation of BD which
possessesD+k boundary vertices and which does not possess any internal (D−2)-face. If one draws
the dual 2-skeleton of ∆k, in which vertices are dual to D-simplices, edges to (D − 1)-simplices
and faces to (D− 2)-simplices, one sees that our condition on ∆k implies that this dual graph is a
D-tree (a D + 1 valent graph containing no closed loop) with open ends. It can be checked that
the number of edges of such a triangulation matches the number of Poincare´ invariant quantities.
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Given such a triangulation the invariant measure reads
dDx1 · · · dDxD+k = dDadΛ
∑
ǫ∈{±1}k
∏
e∈∆k
ledle
∏
σ∈∆k
1
Vσ (9)
where the first product is over all edges e of the triangulation ∆k, the second product is over all
its D-simplices σ and the summation is over all orientations of its D-simplices.
By construction the data {le, ǫσ} defines uniquely a flat geometry on ∆k and allow us to recon-
struct the ‘missing’ edge lengths, namely the length of the edges that do not belong to ∆k. The set
of distances {lij} in the integrand of (1) splits up into the lengths {le, e ∈ ∆k} and the ‘missing’
distances denoted by {lǫe′}. These missing distances are ǫ-dependent functions of the le.
The Feynman amplitude (1) is finally given by:
IΓ =
∫ ∏
e∈∆k
ledle
∑
ǫ∈{±1}k
∏
σ∈∆k
1
Vσ OΓ(le, l
ǫ
e′(le)) (10)
where we have dropped out the overall factor which corresponds to the gauge volume.
Let us conclude this part: we have started with a Feynman amplitude on flat space-time; in
the usual formulation, information about flat geometry is encoded in the Lebesgue measure. By
working with the invariant measure, we have moved this information in the weight assigned to
the triangulation, and in the relations lǫe′(le) between ‘missing’ lengths, labels and orientations.
Our goal now is to show that this information about flat geometry can be encoded entirely into a
dynamical topological state sum (spin foam) model.
III. FEYNMAN DIAGRAMS AS SPIN FOAM MODELS
A. The main result
One of the main results of this paper is the fact that the Feynman amplitude (10) can be written
as the expectation value of an observable
IΓ = 〈OΓ(le)〉Z∆ , OΓ =
∏
e∈Γ
GF (le) (11)
for the spin foam model:
Z∆ =
1
(2π)|e|
∫ ∏
e∈∆
dlel
2
e
∑
{se,ǫτ}
(∏
τ
eıǫτSτ (se,le)
Vτ
)
(12)
∆ is an arbitrary triangulation of a closed 3D-manifold and Γ is embedded into the one-skeleton
of ∆. |e| is the number of edges of ∆. The edges carry a double label (le, se), where le is a real
positive number and se is an integer. These labels are summed over a domain where triangular
inequalities are satisfied for the le’s. ǫτ = ±1 denotes the orientation of the tetrahedron τ . The
product in parenthesis is over all tetrahedra. The action for each tetrahedron is similar to the
Regge action [16]
Sτ (se, le) =
∑
e∈τ
seθ
τ
e (le), (13)
with θτe (le) the interior dihedral angle of the edge e in τ . The observable is simply the product of
propagators in which the distances are replaced by the labels le living on the graph Γ. The equality
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(11) is obtained if one restricts to trivial topologies (∆ is a triangulation of the 3-sphere S3). Note
that all edges are summed over, and therefore no reference is made to flat geometry.
Furthermore, we will show that this model is topological and that the weight associated to it
can be interpreted algebraically as the 6j-symbol of the Poincare´ group. The rest of the paper
is devoted to the demonstration of these statements. The notations we use are summarized and
explained in details in appendix A.
B. Emergence of the model
1. A key identity
The keystone of the result announced above is a geometric identity associated with the possibility
to embed a 4-simplex in R3. A similar identity appears in [14, 17] as a basis to construct 3D manifold
invariants. Let G ≡ V2 be the square of the volume of a 4-simplex (0, . . . , 4) with edge lengths
lij . We denote by τj the tetrahedron obtained by dropping the point j of the 4-simplex, and by Vj
its volume. We will consider both the complex of the three tetrahedra τ1, τ2 and τ3 surrounding
the edge (04), and the complex of the two tetrahedra τ0, τ4 sharing the face [123] (see Fig 2). The
orientation of τj is denoted by ǫj.
We work with fixed lengths lij, (ij) 6= (04), the length l04 being free to fluctuate. Then, the
following identity of measures holds:
4l04δ(G) =
∑
ǫ0, ǫ4
δ(l04 − lǫ0ǫ404 )
V0 V4 =
∑
ǫ1, ǫ2, ǫ3
l204
δ(ωǫ04(l04))
V1 V2 V3 . (14)
The delta function in the third term is the 2π-periodic delta function. The quantity ωǫ04, considered
as a function of l04 and orientations, is the deficit angle carried by the edge (04), defined to be:
ωǫ04 =
3∑
j=1
ǫj θ
j
04
where θj04 ∈ [0, π] is the interior dihedral angle of the edge (04) in τj. It represents the curvature
localized on the edge, in the sense of Regge calculus. It vanishes modulo4 2π if and only if the
complex of three tetrahedra (τ1, τ2, τ3) can be mapped in R
3 with the orientations ǫj. Thus, the
delta function of the deficit angle acts as a projector on the space of flat geometries.
On the other hand, the complex of the two tetrahedra τ0, τ4 can always be mapped in R
3,
in a unique (modulo translations and rotations) way depending on the orientations. The ‘miss-
ing’ distance between the points 0, 4 is then a well defined function lǫ0ǫ404 of lij and the product
orientations.
We now give a proof of (14). We will need three intermediate results: the first one states that
the equation
G(l04) = 0,
4 If we don’t work modulo 2π the condition for the existence of an embedding of the 4-simplex (0, . . . , 4) in flat
space is ωǫ04 = 2πn(ǫ) where n(ǫ) ∈ {0,+1,−1} depends on the orientations in this way:
n(ǫ) =
(
ǫ1 if ǫi = ǫj ∀ (i, j)
0 if not
(15)
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FIG. 2: Pentagonal representation of a complex of two tetrahedra 0, 4 sharing a face [123], and a complex
of three tetrahedra 1, 2, 3 sharing an edge (04).
where G ≡ V2 is considered to be a function of l04, all the other lengths being fixed, admits exactly
two solutions l±04. It was implicit in our discussion above, where we have mentioned, moreover, that
these solutions are labelled precisely by the product ǫ0ǫ4. This result is geometrically clear since
for each value of l04 one can embed the simplex in R
4 in such a way to map, say, τ0 into a fixed
tetrahedron. The volume of the simplex vanishes only when the vertex 0 belongs to the space E
spanned by the tetrahedron τ0. As l04 varies within its domain, the vertex 0 moves along a circle
around the face [123], intersecting E at exactly two points.
We can also give an algebraic justification for having only two solutions. Indeed, G is the Cayley-
Menger determinant of the 4-simplex. The Cayley-Menger matrix is a 6×6 symmetric matrix such
that its diagonal elements are 0 and the off diagonal elements are given by Lab ≡ −l2ab/2, except
for the first column and row where they are 1. Its determinant is therefore a quadratic function
in L04. Moreover, the coefficients of this polynomial can be computed explicitly (see (A13) and
(A15)):
∂G
∂L04
= −2V0V4 cos θ04, ∂
2G
∂L204
= −2V204, (16)
where θ04 is the interior dihedral angle between the two tetrahedra 0 and 4, and V04 is the area of
the face [123].
The second result states that the equation
ωǫ04(l04) = 0,
where ω is considered as a function of l04 (the other lengths being fixed) and orientations ǫ1, ǫ2, ǫ3,
admits exactly four solutions. Indeed this equation expresses the condition of existence of a map of
the 4-simplex in R3 giving orientations ǫ = ǫ1, ǫ2, ǫ3 to the corresponding tetrahedra. Hence, first,
it imposes G = 0, and therefore, according to the previous result l04 = l
±
04. Now the data {lij , l±04}
determines the geometry of the complex in R3 modulo orientation reversal in this space (in other
words simultaneous change of all orientations). Therefore for each l±04, there exist exactly two sets
of orientations ηǫ±i , η ∈ {±1} for which the equation is satisfied, which proves the statement.
Let (l±04, ǫi) denote one of the four solutions of G = ω=0. Then a variation δl04 of the length
induces variations of δG of the volume and δω of the deficit angle. Our third lemma, established
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in appendix A, relates these variations to each other:
∂G
∂ωǫ04
∣∣∣∣
l±04
= −2 ǫ1ǫ2ǫ3V1V2V3
l04
(17)
∂G
∂l04
∣∣∣∣
l±04
= ∓2V0V4l04 (18)
The identity (14) is obtained by evaluating in two different ways the functional δ(G). We first
consider G to be a function of l04. We have:
δ(G) =
∑
ǫ∈{±1}
δ(l04 − lǫ04)
∣∣∣∣ ∂G∂l04
∣∣∣∣
−1
=
∑
ǫ0,ǫ4
1
4l04
1
V0V4 δ(l04 − l
ǫ0ǫ4
04 ). (19)
In order to get the second equality we have used (18), replaced the sum over the solutions by a
sum over the orientations of the tetrahedra 0, 4, taking into account the overcounting by a factor
2.
Instead of considering G as a function of l04, one can consider it to be a function which depends
on the orientations ǫ1, ǫ2, ǫ3 and the corresponding deficit angle ω
ǫ
04. The following property
G = 0 ⇐⇒ ∃ ǫ1, ǫ2, ǫ3 such that ωǫ04 = 0 mod 2π.
yields:
δ(G) =
1
2
∑
ǫ1,ǫ2,ǫ3
δ(ωǫ04)
∣∣∣∣ ∂G∂ωǫ04
∣∣∣∣
−1
=
∑
ǫ1, ǫ2, ǫ3
l04
4
δ(ωǫ04)
V1 V2 V3 (20)
The factor 1/2 in the first equality comes from the fact that, if ωǫ04 = 0, then ω
−ǫ
04 = 0, so when we
sum over all ǫi we are overcounting with a factor of 2. The equality between (19) and (20) leads
to the identity (14).
It is worth noting that one can actually derive an identity slightly stronger that (14). In fact,
(18) divided by (17) gives the derivative of the deficit angle with respect to the length:
∂ωǫ04
∂l04
∣∣∣∣
l±04
= ±ǫ1ǫ2ǫ3l204
V0V4
V1V2V3 (21)
It is then straightforward to check that
∀ η, f(l
±
04)
V0V4 =
∫
l±04
dl04l
2
04
δ(l04 − l±04)
V1 V2 V3
∣∣∣∣∣∂ω
ηǫ±
04
∂l04
∣∣∣∣∣
−1
f(l04) (22)
=
∫
l±04
dl04l
2
04
δ(ωηǫ
±
04 )
V1V2V3 f(l04). (23)
where the label appearing as an index of integration means that on integrates in the neighborhood
of the value l±04.
In the next two parts of this section, we will take advantage of this identity to express the
Feynman graph amplitude as a spin foam amplitude.
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2. Spin foam in Feynman graph: inducing the geometry dynamically
In order to understand the mechanism, let us begin by studying a simple example. Suppose
that our Feynman graph Γ has the structure depicted in Fig 2: it admits five vertices and ten links.
The two tetrahedra τ0, τ4 form a triangulation of a 3-ball. According to the construction described
in section II, the amplitude of this graph is:
IΓ =
∫ ∏
(ij)6=(04)
lijdlij
∑
ǫ0, ǫ4
1
V0V4OΓ(lij , l
ǫ0ǫ4
04 (lij)) (24)
where OΓ is the product of propagators
GF (lǫ0ǫ404 (lij))
∏
(ij)6=(04)
GF (lij)
The length of (04) depends explicitly on the nine other lengths. The previous identity (14) allows
us to remove this dependence by introducing a new label l04 and summing over it. Plugging it into
(24), and expanding the periodic delta function, as a sum 2πδ(ω) =
∑
s∈Z e
ısω, we get:
IΓ =
1
2π
∫ ∏
(ij)6=(04)
lijdlij
∫
dl04l
2
04
∑
s04∈Z
∑
ǫ1, ǫ2, ǫ3
eıs04ω
ǫ
04
V1V2V3OΓ(lij , l04) (25)
Notice that the tetrahedra τ1, τ2, τ3 form a new triangulation of the ball. In this expression, one
begins to recognize the structure of the model (14), since the total action can be expressed in terms
of the deficit angles associated with the edges of ∆
S∆ ≡
∑
τ
ǫτSτ =
∑
e
seω
ǫ
e. (26)
Let us summarize where we stand so far in addressing the first step, which was to transfer the
information about flat geometry from the measure into relations lǫe′(le); it has led us from (1) to
(10). Now considering two tetrahedra sharing a face in the triangulation ∆k, we have learned from
the example above that the ‘missing’ distance variable can be replaced by a free label that we
integrate over. The price to pay is the apparition of a constraint term - the delta function of the
deficit angle - which, in the language of Regge calculus, imposes locally, the geometry to be flat.
Ultimately, by expanding the delta function, we begin to see a model emerging from the Feynman
graph, where the flat geometry is induced dynamically.
The result (11) will be proved in two steps. First, we will to interpret our key identity as
expressing the invariance under Pachner moves, and thus establish the topological invariance of
the model (12). Secondly we will write the measure of the Feynman graph as the partition function
of this model, computed on a specific triangulation.
C. Topological invariance
In this section we show that the spin foam model (12),
Z∆ =
1
(2π)|e|
∫
GF
∏
e∈∆
dlel
2
e
∑
{se,ǫτ}
(∏
τ
eıǫτSτ (se,le)
Vτ
)
, (27)
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is independent of the choice of the triangulation and depends only on the topology of the manifold
that ∆ triangulates. The label (GF) appearing as an index of integration means that the integrals
have to be gauge fixed, in order to properly define the partition function.
The necessity of gauge fixing the model is manifest if one carefully looks at the integrand of (12).
In fact, the sum over integers s of the exponentials leads to a product over edges of delta functions
δ(ωǫe). The constraints ω
ǫ
e = 0 mod 2π are not all independent however, and the redundancy of
delta functions induces divergences. These naive divergences are related to the existence of gauge
symmetries in the model, which have to be gauge fixed. This is analogous to what happens in
the study of the 3d quantum gravity amplitudes, as explained in [18]. The symmetries and the
corresponding gauge fixing of the model will be studied in great detail in the next section .
In order to specify this gauge fixing, we first choose 4 vertices which belong to a tetrahedron
τ0 of ∆, and then assign to any other internal vertex v of ∆ a tetrahedron τv to which this vertex
belongs. This assignment is said to be admissible if the following condition is met: given two
vertices v1 and v2 of ∆ that are not in τ0, then (v1v2) 6⊂ τv1 ∩ τv2 , that is, the edge (v1v2) (when
it exists) does not belong to the intersection of the corresponding tetrahedra. We denote such an
admissible gauge fixing assignment (τ0, {τv}v 6∈τ0) by T . We say that a tetrahedron τ belongs to T
if either τ = τ0 or τ = τv for some vertex not in τ0; we say that an edge e belongs to T if either
e ∈ τ0 or e ∈ τv, and if e admits v as one of its vertex - for each τv there are three such edges,
carrying the labels lv1, lv2, lv3. The admissibility condition insures that these triplets of edges are
independent, that is, we cannot have lvi = lv′j . We will see later that the admissibility requirement
can always be met.
We now define a gauge fixing term δTGF and a Faddeev-Popov determinant D
T
FP as
δTGF(le, se) =
∏
e∈T
δ(le − loe) (2π)δse,soe (28)
DTFP(le, se) =
∏
τ∈T
1
2
( Vτ
lv1lv2lv3
)2
. (29)
The gauge fixing term imposes the values of le and se to be l
o
e, s
o
e, which are arbitrary fixed. Fixing
the labels s’s living on the edges of the assignment removes the redundant delta functions of the
deficit angle at these edges. Now note that the constraints ωǫe(l) = 0 [2π] act both on the labels
l’s and the orientations. Therefore by removing them, we not only remove redundant constraints
on the l’s but also necessary restrictions acting on orientations. As shown in appendix, one can
reintroduce these restrictions by inserting an additional gauge fixing factor5 in δTGF :∏
v∈T
χ(Ωǫv(le)).
The function χ(x) is a characteristic function defined to be constant, with value 1, on 4πZ, and 0
elsewhere; and Ωǫv =
∑
τ⊃v ǫτAτ is the algebraic sum, over all tetrahedra sharing the vertex v, of
the solid angle Aτ at v within τ .
The gauge fixed partition function is obtained by inserting in the integral (27) the product
δTGFD
T
FP.
Showing the topological invariance of the model amounts to showing the invariance of Z∆ under
the Pachner moves (2, 3) and (1, 4), and its independence of the choice of T . The invariance under
5 This factor acts ‘on-shell’ as Kronecker symbols for the orientations and is understood here as a gauge fixing. An
interesting open question is whether this constraint can be expressed off-shell and implemented dynamically.
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the move (2, 3) follows from the pentagonal identity,
∑
ǫ0,ǫ4
eıǫ0S0
V0
eıǫ4S4
V4 =
1
2π
∑
ǫ1,ǫ2,ǫ3
∫
dl04 l
2
04
∑
s04
eıǫ1S1
V1
eıǫ2S2
V2
eıǫ3S3
V3 , (30)
where τ0, · · · τ4 labels the five tetrahedra which triangulate the boundary of a 4-simplex, τi being
the tetrahedron where the vertex i is omitted; the invariance under the move (1, 4) is due to the
(1, 4) identity
∑
ǫ0
eıǫ0S0
V0 =
1
(2π)4
∑
ǫj
∫ 4∏
j=1
dl0j l
2
0j
∑
s0j
4∏
j=1
eıǫjSj
Vj δGFDFP (31)
δGF denotes the gauge fixing term and DFP the Faddeev-Popov determinant:
δGF = (2π)
3
3∏
i=1
δ(l0i − lo0i)δs0i,so0iχ(Ωǫ0), DFP =
V24
2
∏3
i=1 l
2
0i
(32)
where lo0i, s
o
0i are any fixed values. At this stage the insertion of these terms are needed for topo-
logical invariance; they will be fully and independently justified in the next section (together with
the gauge fixing denomination).
The proof of (30) is a simple adaptation of the argument leading to the key identity (14). As
before, we denote by ηǫ±i , η = ±1, the two sets of orientations for which the deficit angle ωǫ04(l±04)
vanishes. If this dihedral angle is zero modulo 2π, the 4-simplex [01234] can be mapped in R3.
Each edge (ab) belongs then to a complex of three tetrahedra embedded in R3. One can therefore
find orientations ǫ±0 , ǫ
±
4 of τ0, τ4, for which all deficit angles ω
ǫ±
ab are also zero modulo 2π. The
actions of the (2, 3) move evaluated for l04 = l
±
04 are then related by
ǫ±0 S0 + ǫ
±
4 S4 + ǫ
±
1 S
o
1 + ǫ
±
2 S
o
2 + ǫ
±
3 S
o
3 ≡
∑
(ab)6=(04)
sabω
ǫ±
ab = 0 [2π] (33)
The superscript o means that s04 = 0 in the actions. This equality, together with (23), show that
∀ η, e
ıηǫ±0 S0
V0
eıηǫ
±
4 S4
V4 =
∫
l±04
dl04l
2
04δ(ω
ηǫ±
04 )
3∏
i=1
e−ıηǫ
±
i S
o
i
Vi (34)
Now we want to sum over η = ±1. Since ηǫ±i are the only possible choice of orientations for which
ωǫ04 = 0 admits a solution around l
±
04, one can replace, in the RHS, the summation over η by a sum
over all orientations. Then summing the contributions of the two values l±04 leads to
∑
±
∑
η
eıηǫ
±
0 S0
V0
eıηǫ
±
4 S4
V4 =
∑
ǫ1,ǫ2,ǫ3
∫
dl04 l
2
04δ(ω
ǫ
04)
3∏
i=1
eıǫiS
o
i
Vi . (35)
Now it is easy to check6 that the summation in the LHS can be replaced by a sum over the values
of orientations ǫ0, ǫ4. If one now expands the delta function in the RHS as a sum over s04 of
1/2π exp (ıs04ω04), one obtains (30). It’s worth noting that we could have inserted any function
f(l04) of the length l04 in both sides of all our equalities, without modification, and therefore (30)
6 In fact, our definitions of orientations (see appendix) imply that ǫ±0 ǫ
±
4 = ±1. It shows that the application
(±, η) 7→ (ηǫ±0 , ηǫ
±
4 ) is surjective onto {−1,+1}.
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should be understood as an equality of measures on the space of such functions. Since S4 and V4
do not depend on l04, we multiply both sides of (34) by V4e−ıηǫ±4 S4 , to get
∀ η, e
ıηǫ±0 S0
V0 =
∫
l±04
dl04 l
2
04δ(ω
ηǫ±
04 )
3∏
i=1
e−ıηǫ
±
i S
o
i
Vi
e−ıηǫ
±
4 S4
V4 V
2
4 , (36)
where in the RHS the values of l4i ≡ lo4i are fixed to be any value - since the reasoning leading to
(34) does not depend on it. We now insert the trivial ‘gauge fixing’ identities
1 =
∫ 3∏
i=1
dl0il
2
0i
3∏
i=1
δ(l0i − lo0i)
l20i
(37)
1 =
∑
ǫ4
1
(2π)3
∑
s0i
3∏
i=1
δs0i,so0i(2π)
3χ(Ωǫv), (38)
where ǫ = (ηǫ±i , ǫ4). As can be easily seen geometrically, and as more precisely shown in appendix,
the algebraic solid angle Ωǫ0, evaluated at l
±
04, vanishes (modulo 4π) only if ǫ4 = ηǫ
±
4 , and therefore
its image by the function χ acts as a Kronecker symbol for ǫ4. Hence, we obtain
1
2
eıηǫ
±
0 S0
V0 =
1
(2π)4
∑
ǫ4
∫ 3∏
i=1
dl0i l
2
0i
∫
l±04
dl04 l
2
04
∑
s0i
δ(ωηǫ
±
04 )
3∏
i=1
e−ıηǫ
±
i S
o
i
Vi
e−ıǫ4S4
V4 δGFDFP . (39)
for all η = ±1. Eventually, summing as before both sides of this equality over η, adding the
contributions of l+04 and l
−
04, and expanding the delta function in the RHS, show (31).
D. Symmetries and gauge fixing
We have seen in the previous part that, in order to have a model which is topologically invariant,
we need to insert gauge fixing and Faddeev-Popov terms in the definition of the spin foam model
(12). We now want to show that these factors are not only needed for topological invariance, but
arise naturally from the gauge fixing of the symmetries of the action.
The action that arises from our construction reads:
S∆[se, le] =
∑
τ
ǫτSτ (se, le) =
∑
e
se ω
ǫ
e(le) (40)
The naive divergences of the model (12) can be seen as arising from symmetries of the model
mapping solutions to solutions. Fixing these symmetries, treated as gauge symmetries, will lead to
the Faddeev-Popov determinants described in the previous section. In order to characterize these
symmetries infinitesimally, we will study the zero modes of the Hessian of S∆. Here se will be
treated as a continuous variable, in order to simplify the analysis7.
Let us first describe the classical solutions. The equations of motion (eom) are
0 =
δS
δse
= ωǫe(l) ∀e (41)
0 =
δS
δle
=
∑
τ
ǫτ
(∑
e′∈τ
se′
δθτe′
δle
)
=
∑
e′
se′
δωǫe′
δle
∀e (42)
7 We can treat se as a continuous variable if one authorizes ωe to be shifted by 2nπ for n an arbitrary integer. This
is clear from the expression of the periodic delta function δ(ω) =
P
n
R
dseıs(ω−2nπ). This affects the classical
solutions but not the equations that involve derivatives of ω, which are our main interest here.
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The first equation expresses the flatness condition. A set of lengths {l0e} is solution if the complex
can be locally8 mapped in R3 in a way that respects orientations ǫ. The second equation is
reminiscent of the Schla¨fli identity for flat tetrahedra
∑
e′∈τ
le′
δθτe′
δle
= 0 →
∑
e′
le′
δωǫe′
δle
= 0. (43)
This shows that a solution of (42) is given by the values s0e = αle, with α an arbitrary constant.
Notice that if one inserts this solution into the action (40), one recovers the Regge action of discrete
3D gravity
SR = α
∑
e
leω
ǫ
e(le) (44)
In the following a solution {l0e , s0e = l0e} of the eom will be called a Regge solution (we put the
overall scale factor α = 1 for simplicity).
Zeros modes are infinitesimal transformations of the fields (here the labels) that belong to the
kernel of the Hessian δ2S, computed on shell. This kernel is characterized by deformations δse, δle
that satisfy the equations
∑
e′
δωe
δle′
δle′ = 0 ∀e (45)
∑
e′,e′′
se′′
δ2ωe′′
δleδle′
δle′ +
∑
e′
δωe′
δle
δse′ = 0 ∀e (46)
where the label ǫ has been dropped for clarity. This system of equations can be rearranged if one
uses the derivative of the Schla¨fli identity
δ
δle
[∑
e′′
le′′
δωe′′
δle′
]
=
δωe
δle′
+
∑
e′′
le′′
δ2ωe′′
δleδle′
= 0, (47)
and the fact that the matrix
(
δωe
δle′
)
is symmetric, as the Hessian of the Regge fonction (44). We
can write (46) as
∑
e′,e′′
(se′′ − le′′) δ
2ωe′′
δleδle′
δle′ +
∑
e′
δωe
δle′
δ(se′ − le′) = 0. (48)
If one focuses on fluctuations around Regge solutions, the system becomes equivalent to
∑
e′
δωe
δle′
δle′ =
∑
e′
δωe
δle′
δse′ = 0 ∀e (49)
One can easily find infinitesimal variations δle, δse solutions of (49). Indeed, an embedding in R
3
of the complex ∆, with the lengths {l0e}, gives positions to the vertices. Infinitesimal moves of the
vertices in R3 around these positions induces deformations of the edge lengths. By construction,
the new deficit angles still vanish. Thus, these deformations correspond to one of the symmetries
8 A global map exists, and is unique modulo translations and rotations, if the manifold that ∆ triangulates is simply
connected [17].
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we are considering, acting on vertices of the triangulation. The positions of the vertices in an
embedding are therefore pure gauge in our model. The generators are 3-vectors ~αv attached to
each vertex v which induce displacements of v in R3. They determine variations δse = δle(~αv, l
0
e),
δle = δle(~βv , l
0
e), which are solutions to the system of equations (49).
These transformations map solutions to solutions9; the corresponding symmetry group is
(R3 × R3)|v|, where |v| is the number of vertices of the triangulation. The gauge fixing is per-
formed by fixing a subset of edge lengths while taking into account the Jacobian or Faddeev-Popov
determinant. These Jacobians can easily be read out from the results of section II. We start by
choosing four vertices that form a tetrahedron τ0 in the triangulation. For these vertices we have
d3α1d
3α2d
3α3d
3α4 = 2d
3αdΛ
∏
i<j lijdlij
Vτ0
. (50)
The factor 2 is due to the sum over values of the orientation for τ0. For each additional vertex v,
we choose a tetrahedron τv, and denote lv1 , lv2 , lv3 the three edges of τv touching v. In this case we
have
d3αv = 2
∏
i lvidlvi
Vτv
. (51)
Each time we add a new vertex vn, one should insure that τvn is picked in such a way that the
three corresponding edges do not overlap with any of the previously chosen edges lv1i , · · · lvn−1i , in
order for an edge to be selected at most once in this process. We are going to see in the following
how this can always be concretely implemented for any closed triangulation.
This procedure specifies an admissible gauge fixing assignment Tl, as defined in the previous
section, which allows us to gauge fix the symmetry acting on l’s. The gauge fixing term is given by
δTlGF =
∏
e∈Tl
δ(le − loe) (52)
and the determinant by
(DTlFP )
−1 ≡
∧
v d
3αv
d3αdΛ
∧
e∈Tl
dle
= 2|v|−3
∏
e∈Tl
le∏
τ∈Tl
Vτ , (53)
where |v| is the number of vertices of ∆. The same procedure is applied to the gauge fixing of the
symmetry acting on s’s, with a gauge fixing assignment Ts, and the corresponding gauge fixing
term and determinant
δTsGF =
∏
e∈Ts
(2π)δse,soe
∏
v∈Ts
χ(Ωǫv(le)) (54)
(DTsFP )
−1 ≡
∧
v d
3αv
d3αdΛ
∧
e∈T s dse
=
∏
e∈T s le∏
τ∈T s Vτ
. (55)
There is no factor 2 in this Faddeev-Popov determinant, since here orientations of the s’s tetrahedra
are fixed thanks to the factors χ(Ω) in the gauge fixing term. The insertion of the functions χ
9 These symmetries, acting on the space of solutions, do not however leave the full action invariant away from
classical configurations. Whether or not these symmetries admit an off-shell extension is a interesting open question
not addressed here.
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restricts the values of orientations to those for which solutions of the eom (41), around which the
zeros modes which have to be fixed, exist. One thus recovers the gauge fixing described in the
previous section when one chooses the same gauge fixing assignment Tl = Ts for l and s.
Finally, we need to show that an admissible gauge fixing assignment can always be reached.
One way to construct such an assignment is to choose a rooted tree (also denoted T for simplicity)
in the one skeleton of the dual triangulation. The one skeleton of the dual triangulation is a 4-
valent graph; each vertex of this graph corresponds to a tetrahedron of ∆. A tree is a connected
subgraph of this skeleton which contains no loop. A root is a choice of one particular end point of
this tree diagram. We use the notation v⋆ for the vertices of the dual triangulation, and τv⋆ for the
tetrahedron of ∆ dual to v⋆. A tree T is said maximal if each vertex of ∆ belongs to a tetrahedron
dual to a vertex of T : ∀v ∈ ∆,∃v⋆ ∈ T, v ⊂ τv⋆
Given a maximal rooted tree T one can construct an admissible assignment as follows. The
root of T corresponds to a choice of an initial tetrahedron τ0. Then, lets pick an edge e
⋆ that goes
from the root to a nearby tetrahedron τe⋆ : this edge is dual to a face fe⋆ of the triangulation. If
we consider τe⋆ − fe⋆, this consists of three edges meeting at a vertex ve⋆ ∈ τe⋆ ; in this way we
define a correspondence between e⋆ and a pair (τe⋆ , ve⋆). This correspondence can be extended to
the all tree if one uses the natural orientation of the rooted tree. Indeed, since the tree is rooted,
every edge of the tree can be oriented with the orientation always going farther away from the
root. And to any edge e⋆ of T we assign a tetrahedron τe⋆ corresponding to the end point of this
edge and a vertex ve⋆ being the unique vertex in τe⋆ − fe⋆. This assignment is clearly admissible.
In order to see why, lets suppose that there exists an edge of ∆ that belongs to both τe⋆ − fe⋆
and τe′⋆ − fe′⋆ . This edge would belong to the intersection; but this intersection is empty since
tetrahedra always intersect on faces dual to the rooted tree. Eventually, the maximality of the tree
implies the maximality of the gauge fixing assignment.
E. Observables and partial gauge fixing
In this section we will show our main result, namely that the original Feynman integral (10)
can be expressed as an expectation value of an observable in our topological spin foam model.
We have seen that the pure model (12) has to be gauge fixed; the complete gauge fixing is
performed by choosing a admissible assignment T , and by inserting gauge fixing and Faddeev-
Popov terms KTs,Tl(le, se) = δ
Ts
GF δ
Tl
GFD
Ts
FPD
Tl
FP , with Ts = Tl = T . We will call observable of the
model a function f(le, se) of the labels, and define its evaluation as
〈f〉∆ = 1
(2π)|e|
∫
GF
∏
e∈∆
dlel
2
e
∑
{se,ǫτ}
f(le, se)
(∏
τ
eıǫτSτ (se,le)
Vτ
)
(56)
f is not in general gauge invariant and therefore its insertion modifies the discussion of the gauge
fixing. We will be interested in particular in the class of observables that are functions of the
lengths only, of a subgraph Γ drawn in ∆. The typical example is the so-called matter observable
OΓ(le) =
∏
e∈ΓG
F (le), where Γ is a subgraph of the 1-skeleton of ∆.
The introduction of such observables breaks a part of the gauge symmetries - namely the
symmetry of the field le which acts on the vertices of Γ, turning the former gauge degrees of
freedom into dynamical degrees of freedom. In the presence of matter observables the gauge fixing
can no longer be symmetrical, and one needs to choose different assignments for the l’s and s’s
gauge fixing. Let Ts be a maximal admissible assignment {τv}, and Tl ⊂ Ts a subset that is a
maximal assignment in ∆\Γ. In other words, Tl = {τv}v/∈Γ. We then take care of the remaining
17
gauge symmetries by inserting the gauge fixing and Faddeev-Popov terms corresponding to these
assignments. The evaluation of the observable OΓ in the (partially) gauge fixed model reads then:
〈OΓ〉∆ = 1
(2π)|e|
∫ ∏
e∈∆
dlel
2
e
∑
{se,ǫτ}
OΓ(le)
(∏
τ
eıǫτSτ (se,le)
Vτ
)
KTs,Tl(le, se) (57)
We now suppose that Γ is a Feynman graph and ∆ a triangulation of the 3-sphere S3 such that
Γ ⊂ ∆. We want to show that the expectation value (57) is equal to the Feynman amplitude (10)
of the graph Γ.
Recall that the triangulation ∆k involved in (10) is a triangulation of a 3-ball, without any
internal vertex nor internal edge; it is not a triangulation of S3. It is easy however to construct a
triangulation of S3 from ∆k, simply by taking its double denoted D∆k ≡ ∆k♯S2∆¯k, built with a
copy of ∆k in the interior of a 3-ball B3 ⊂ S3 glued to a copy of ∆k in the exterior S3\B3.
The proof proceeds in three steps. Primarily, since both D∆k and ∆ are triangulations of S
3
which contain vertices of the graph Γ, the two triangulations can be constructed out of each other
by a sequence of Pachner moves that do not remove the vertices of Γ. Secondly, 〈OΓ〉∆ is invariant
under these moves, provided that the variable le of each edge e ∈ Γ that is removed by a (2, 3) move
is replaced by its value ‘on shell’, namely the one fixed by the constraint ωǫe = 0. The justification
comes directly from the analysis of section IIIC. One can therefore write
〈OΓ〉∆ = 〈O˜Γ〉D∆k , with O˜Γ = OΓ(le, lǫe′(le)). (58)
The quantities lǫe′(le) are by construction the Euclidean distances, in any embedding
10 of D∆k in
R
3, between the vertices of Γ that are not connected by the edges of the triangulation.
Thirdly, I˜Γ ≡ 〈O˜Γ〉D∆k turns out to coincide with the Feynman amplitude IΓ given by (10).
In order to see this, let us express the gauge fixing terms for the triangulation D∆k. We need to
choose a maximal assignment Ts of D∆k and a assignment Tl ⊂ Ts maximal in D∆k \ Γ. Notice
first that, since all the vertices of D∆k belong to the graph Γ, Tl is empty. Next, recall that, as
emphasized in part II, the triangulation ∆k of the ball is dual to a tree T ; we can take this tree
to be a gauge fixing tree Ts, according to the procedure described in IIID. Vertices, edges and
simplices of Ts are the vertices, edges and simplices of ∆k ⊂ D∆k. Therefore the gauge fixing is
performed by inserting
δTsGF =
∏
e∈∆k
(2π)δse,soe
∏
v∈∆k
χ(Ωǫv) ; D
Ts
FP =
∏
τ∈∆k
Vτ∏
e∈∆k
le
(59)
Since ∆k has no internal vertex or edge, ∆k and D∆k possess the same number of vertices and
edges, all located on the boundary of the ball B, whereas the number of tetrahedra in D∆k is 2k.
For each tetrahedron τ in the interior of B, there exists a copy of τ in the exterior of B, sharing
its edges with τ , and consequently having the same volume. Moreover, the tetrahedron τ and its
copy have independent orientations ǫτ and ǫ
′
τ . Therefore, using (59), I˜Γ can written as a quantity
computed on the triangulation ∆k
I˜Γ =
∫ ∏
e∈∆k
ledle
∑
ǫ,ǫ′∈{±1}k
OΓ(le, lǫ,ǫ
′
e′ (le))

 ∏
τ∈∆k
1
Vτ

 eıPe soeωǫ,ǫ′e ∏
v∈∆k
χ(Ωǫ,ǫ
′
v ) (60)
10 Note that D∆k can always be embedded in R
3.
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where deficit angles are given by
ωǫ,ǫ
′
e (le) =
∑
τ∈∆k
τ⊃e
(ǫτ + ǫ
′
τ )θ
τ
e (61)
Finally it’s easy to convince oneself that the total algebraic solid angles seen from vertices v vanish
modulo 4π only if ǫτ + ǫ
′
τ = 0 for every tetrahedron of ∆k. Therefore I˜Γ = IΓ.
IV. ALGEBRAIC STRUCTURE
In order to complete our investigation, we now want to give an algebraic interpretation of the
topological state sum model introduced before. This will show that this model is really a spin foam
model, namely constructed purely in terms of algebraic data.
A. A Poincare´ model
1. The result
We first introduce some notations. We define
ρ ≡ (le, se),
∫
dµ(ρe) ≡ 1
2π
∑
se
∫
dlel
2
e (62)
and introduce a symbol associated to the tetrahedron τ with vertices 0, 1, 2, 3:{
ρ23 ρ13 ρ12
ρ01 ρ02 ρ03
}
≡
∑
ǫ
eıǫτSτ (sIJ ,lIJ )
V(lIJ) = 2
cos Sτ (sIJ , lIJ)
V(lIJ) , (63)
with
Sτ (le, se) =
∑
e∈τ
seθ
τ
e (le). (64)
The previous model can be written as a Ponzano-Regge like model [19]
Z∆ =
∫ ∏
e
dµ(ρe)
∏
τ
{
ρeτ1 ρeτ2 ρeτ3
ρeτ4 ρeτ5 ρeτ6
}
, (65)
where the integral is over all edge labels and where eτi label the 6 edges of τ .
The topological invariance of this model is essentially due to the identity (30), which can
rewritten in terms of this symbol as a pentagonal or Biedenharn-Elliot identity{
ρ1 ρ2 ρ3
ρ4 ρ5 ρ6
}{
ρ1 ρ2 ρ3
ρ′4 ρ
′
5 ρ
′
6
}
=
∫
dµ(ρ)
{
ρ5 ρ1 ρ6
ρ′6 ρ ρ
′
5
}{
ρ6 ρ2 ρ4
ρ′4 ρ ρ
′
6
}{
ρ5 ρ3 ρ4
ρ′4 ρ ρ
′
5
}
. (66)
All these considerations clearly suggest an interpretation of this symbol as a 6j-symbol for a
classical group. This is indeed the case, according to the following
Theorem: ρ = (l, s) labels the unitary representation of the 3-dimensional (Euclidean)
Poincare´ group ISO(3) with mass l, and spin s; dµ(ρ) is the Plancherel measure which arises in
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the decomposition of L2(ISO(3)), and the symbol {ρi} defined in (63) is the normalized 6j-symbol
of ISO(3).
As a first corollary of this theorem, we get an other independent and non geometric proof of the
pentagon identity (30), since this is a direct consequence of recoupling theory. An other corollary
of this theorem is the fact that this 6j-symbol satisfies the orthogonality relation∫
dµ(ρ12)
{
ρ23 ρ13 ρ12
ρ01 ρ02 ρ03
}{
ρ23 ρ13 ρ12
ρ01 ρ02 ρ
′
03
}
= 2πδs03,s′03
δ(l03 − l′03)
l203
. (67)
It is interesting to give a direct and independent geometric proof of this identity. We consider two
tetrahedra τ , τ ′ with vertices 0, 1, 2, 3, with edge lengths and spin labels (lIJ , sIJ), (l
′
IJ , s
′
IJ), these
labels being such that lIJ = l
′
IJ , sIJ = s
′
IJ except for (IJ) = (03). We want to compute
I =
1
2π
∑
s12
∫
dl12l
2
12
∑
ǫ e
iǫSτ
Vτ
∑
ǫ′ e
iǫ′Sτ ′
Vτ ′ (68)
=
∫
dl12l
2
12
∑
ǫ,ǫ′
δ(ǫθ12 − ǫ′θ′12)
VτVτ ′

 ∏
(ab)6=(12)
eı(ǫsabθab−ǫ
′s′
ab
θ′
ab
)

 (69)
where θij denotes the dihedral angle at the edge (ij). One can now use (A14)
∂θ03
∂l12
=
l12l03
Vτ , and
∂θ12
∂l03
=
l12l03
Vτ (70)
to express the change of integration variables
dl12l12 = dθ03
Vτ
l03
(71)
and
δ(ǫθ12 − ǫ′θ′12) = δǫ,ǫ′δ(l03 − l′03)
∣∣∣∣∂θ12∂l03
∣∣∣∣ = δǫ,ǫ′δ(l03 − l′03) Vτl12l03 (72)
Since l03 = l
′
03, all the volume factors in the integral cancel out; and since sab = s
′
ab for (ab) 6= (03),
the integral reduces to
I =
δ(l03 − l′03)
l203
∫ π
0
dθ03
∑
ǫ
eıǫθ03(s03−s
′
03) =
δ(l03 − l′03)
l203
2πδs03,s′03 (73)
which is the desired result.
2. Proof of the Theorem
We will need some definitions. We start by describing the representation spaces of the Poincare´
group. Let us fix a frame (~ex, ~ey, ~ez) of R
3. The carrier space corresponding to a representation11
ρ ≡ (l, s) of ISO(3) = SO(3)⋉R3 is given by:
Eρ = {φ ∈ L2(SU(2)) /∀ξ ∈ [−π, π] , φ(xhξ) = eisξφ(g)}, (74)
11 The spin s ∈ 1
2
Z label representations of the little group U(1). In the following we restrict to the case where all
spins are integers.
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where hξ = e
ıξσ3/2 are elements of the U(1)-subgroup of rotations with axis z and angle ξ. The
action of a rotation g ∈ SU(2) and a translation ~a ∈ R4 on this space is then
(g, 0)φ(x) = φ(g−1x), (1,~a)φ(x) = ei
~Px.~a φ(x) (75)
where ~Px ≡ x ·~l is the image, by the rotation associated to x, of a fixed vector ~l = lez of length l.
We now define the Clebsh-Gordan coefficients. The tensor product (l1, s1)⊗ (l2, s2) decomposes
on representations ρ3 = (l3, s3) such that l1, l2, l3 satisfy triangular inequalities and such that the
sum of si’s is an integer
|l1 − l2| ≤ l3 ≤ l1 + l2, s1 + s2 + s3 ∈ Z
Given three lengths satisfying these inequalities, one can construct an oriented triangle in the (x, z)
plane such that
~l3 = aθ13 ·~l1 + a−1θ23 ·~l2 (76)
where one introduces the 2× 2 matrix representing a rotation of angle θ and axis y
aθ =
(
cos θ/2 sin θ/2
− sin θ/2 cos θ/2
)
.
The angles θ13, θ23 ∈ [0, π] are the angles between the edges (1) and (3) (resp. (2), (3)) within the
oriented triangle [123] whose edges lengths are l1, l2, l3. They are characterized by
l21 = l
2
2 + l
2
3 − 2l2l3 cos θ23 (77)
and similarly for θ13. The Clebsh-Gordan coefficient:
k
i jPSfrag replacements
≡ Cρiρjρkxixjxk
also called 3j-symbol, is defined (up to a normalization factor) to be the invariant map Eli,si ⊗
Elj ,sj → Elk,sk . The structure of this object is similar to the Clebsh-Gordan coefficient of the
quantum double DSU(2), whose construction is described in [20]. When properly normalized, it
can be written as
Cρ1ρ2ρ3x1x2x3 =
(
l1l2l3
π
)− 1
2
∫
U(1)
3∏
i=1
(dζie
ısiζi) δx1h−1ζ1
(x3hζ3aθ13)δx2h−1ζ2
(x3hζ3a
−1
θ23
) (78)
where dζ is the normalized Haar measure on U(1). It is clear that this coefficient is such that
Cρ1ρ2ρ3x1hξ1x2hξ2x3hξ3
= Cρ1ρ2ρ3x1x2x3e
−ı(s1ζ1+s2ζ2−s3ζ3). Moreover, it is straightforward to check (thanks to
(76)) that it defines an invariant tensor, that is, Cρigxi = C
ρi
xi , and that
∑
i xi · ~li=0. The condition
that imposes the sum of the spins to be an integer comes from the identities Cρixi = C
ρi
−xi = C
ρi
xih2π
=
e2iπ
P
i siCρixi .
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The normalization factor is chosen in order to have the resolution of the identity [3]:∫
dµ(ρ3)
(∫
dx3C
ρ1ρ2ρ3
x1x2x3C
ρ1ρ2ρ3
z1z2x3
)
= δ¯s1z1 (x1)δ¯
s2
z2 (x2) (79)
where the ‘bar’ denotes the complex conjugate, dµ(ρ3) denotes the Plancherel measure (62), and
δ¯sizi (xi) =
∫
U(1)
dζe−ısiζδzihζ(xi)
It is worth mentioning two further properties that the Clebsh-Gordan (78) satisfies. The first
one is a ‘braiding’ property which describe the change of the Clebsh-Gordan under the interchange
of the labels i and j:
Cρ2ρ1ρ3x2x1x3 = (−1)s1+s2−s3Cρ1ρ2ρ3x1x2x3 , (80)
derived thanks to the identity hπaθh−π = a−θ. The second property expresses the dual intertwiner
C˜ρ1ρ2ρ3 : Eρ3 → Eρ1 ⊗ Eρ2 in terms of the 3j-symbol (78) :
C˜ρiρjρk = Cρiρjρk . (81)
Finally, it will be important to note that, if one restricts, as we do, the spin to be integers, one
can restrict the integral in (78) to be over ξ ∈ [0, 2π], provided that one takes the SO(3) delta
function in (78), namely δg(x) ≡ 12 (δg(x) + δ−g(x)).
One can now construct the 6j-symbol, defined as a contraction of Clebsh-Gordan coefficients∫
dx01dx02dx03 C
ρ12ρ02ρ01
x12x02x01C
ρ03ρ13ρ01
x03x13x01C
ρ02ρ23ρ03
x02x23x03 ≡
{
ρ23 ρ13 ρ12
ρ01 ρ02 ρ03
}
Cρ23ρ13ρ12x23x13x12 . (82)
The way the contractions occur is dictated by the geometry of a tetrahedron (0, 1, 2, 3) with ori-
ented edges (IJ). There is one Clebsh-Gordan attached to each face of the tetrahedron, and one
representation for each edge.
Let us now prove the theorem, by first noting that each Clebsh-Gordan of the LHS of (82)
supplies two δ-functions on SU(2), so the integral contains 6 delta functions. The integration
is over three SU(2) elements x0i, and 6 U(1) elements, denoted by ξ0i, ξ
′
0i. By performing a
simple change of variables x0i → x0ihξ0i , one sees that the integrand depends only on the x0i
and the differences ξ0i − ξ′0i. Then the integration over the SU(2) variables allows us to solve
straightforwardly three of the delta functions. In order to write the result of integration in a
convenient form, we assign an angle ξIJ to each edge (IJ), 0 ≤ I, J ≤ 3 of the tetrahedra [0123],
and denote the corresponding group element by hIJ = hJI ≡ hξIJ . We also denote by a JKI = aKJI
the rotation aθ(IJ)(IK) associated to the geometric angle between the edges (IJ) and (IK) in the
triangle [IJK]. The later angles are fully determined by the lengths lIJ . After integration, the
LHS of (82) takes the form∫ ∏
I<J
(
dξIJe
−ısIJξIJ
)
δ(h01a
12
0 h02a
23
0 h03a
31
0 )δx13h−113
(x12h12g1)δx23h−123
(x12h12g2) (83)
times the prefactor (π−1l01l02l03)
−1(π−1l12l23l31)
−1/2, where we have defined
g1 ≡ (a 021 )−1h10a 130 h03(a 023 )−1, g2 ≡ (a 201 )−1h10(a 031 )−1. (84)
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One can simplify the expression for g1 if one remembers that the sum of the three interior angles
of a flat triangle is equal to π. Using this fact for the triangles [012] and [023], we get (a 021 )
−1 =
a−πa
01
2 a
21
0 and (a
02
3 )
−1 = a−πa
32
0 a
03
2 . Plugging this into the expression for g1 yields
g1 = a−πa
10
2
{
a 120 h01a
13
0 h03a
32
0 h02
}
h−120 a
03
2 a−π = a−πa
10
2 h
−1
20 a
03
2 a−π = −a 102 h20a 032 , (85)
where for the last two equalities, we first have used that the term inside the bracket is 1 - this is
due to the first delta function in (83)-, and then the property aπhaπ = −h−1.
In order to complete the proof of the theorem, we first have to find the solutions of the constraint
expressed by the first δ-function in (83). These solutions of the constraint arise from the flatness
of the tetrahedron, which leads to a remarkable identity at each vertex (see (B1)):
hǫIJa
LI
I h
ǫ
ILa
LK
i h
ǫ
IKa
KJ
I = −ǫ1 ∀I (86)
(IJKL) is an even permutation of (0123), h+IJ ≡ hφeIJ is the rotation associated to the exterior
dihedral angle of the edge (IJ). Furthermore, if one considers (86) as an equation in ξIJ , then
ξIJ = φ
e
IJ , and this is the unique solution belonging to the interval [0, 2π]. Multiplying (86) by
aπ on the left, and a−π on the right, has the effect to change all h into h
−1, while leaving the a’s
unmodified; is one now multiplies the LHS by h32π = −1, one sees that ξIJ = 2π−φeIJ is a solution
of (86) with +1 in the RHS. Theses identities are carefully studied in appendix B. The bottom
line is that the equation h01a
12
0 h02a
23
0 h03a
31
0 = ±1 (recall that we work with integer spin) admits
two solutions when ξIJ ∈ [0, 2π], namely
ξ+IJ = φ
e
IJ , or ξ
−
IJ = 2π − φeIJ , (87)
We denote the respective hξ±
IJ
by h±IJ .
For each of these solutions, we use (86) to express the Euler decomposition of g1 and g2
g1 = (a
20
1 )
−1hǫ10(a
03
1 )
−1 = −ǫ(hǫ12)−1a 231 (hǫ13)−1 (88)
g2 = −a 102 hǫ20a 032 = ǫ(hǫ21)−1(a 312 )−1(hǫ23)−1 (89)
Using this decomposition one can rescale ξij → ξij − ξǫij, 1 ≤ i, j ≤ 3 in (83), and factorize from it
the Clebsch-gordan coefficient Cρ23ρ13ρ12x23x13x12 . The proportionality coefficient for each set of solutions
is ∏
i<j
e−ǫısijφ
e
ij
(
π
l01l02l03
)∫
ǫ
(∏
i
dξ0ie
−ıξ0i
)
δ(h01a
12
0 h02a
23
0 h03a
31
0 ) (90)
where the subscript ǫ in the integral reminds that we need to integrate around the solution ξ0i = ξ
ǫ
0i.
Now if we denote g(ξ0i) ≡ h01a 120 h02a 230 h03, (B14) gives the Jacobian of transformation from
the Haar measure to the ξ0i measure around a solution g(ξ0i)a
31
0 = ±1:
dg = π
V(lIJ )
l01l02l03
∏
i
dξ0i (91)
where the volume of the tetrahedron appears. Therefore the expression in (90) can be written as
∏
i<j
e−ǫısijφ
e
ij
(
π
l01l02l03
)∫ (∏
i
dξ0ie
−ıξ0i
)
δ(ξ0i − ξǫ0i)
l01l02l03
πV(lIJ ) =
∏
I<J e
−ǫıφeIJ
V(lIJ) . (92)
The 6j-symbol is eventually obtained by summing the two contributions ǫ = ±. Therefore it reads{
ρ23 ρ13 ρ12
ρ01 ρ02 ρ03
}
= (−1)
P
sIJ2
cosSτ (sIJ , lIJ )
V(lIJ ) (93)
The exterior dihedral angles have been replaced by the interior ones θi = π−φe, leading to a factor
(−1)
P
sIJ in the formula.
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B. Poincare´ versus Ponzano-Regge
We have shown in the previous sections that a Feynman graph amplitude is the evaluation of
the observable OΓ(le) for a Poincare´ spin-foam model. On the other hand, we know [8] that a
usual Feynman graph is also the abelian limit of the evaluation of the same observable for the
Ponzano-Regge model. This means that one should be able to relate in a direct way our Poincare´
model with a suitable semi-classical limit of the Ponzano-Regge model.
In order to do so, let (ue, ve) be an edge-labelling of a triangulation ∆, with pairs of half-integers.
We consider the square of the Ponzano-Regge model:
ZPR
2
∆ =
∑
{ue,ve}
∏
e
duedve
∏
τ
{u}τ{v}τ (94)
where {u}τ and {v}τ denotes 6j-symbols of SU(2) and dj = 2j + 1. After a simple change of
variables
u = j + s, v = j − s
the partition function reads
ZPR
2
∆ =
∑
{je,se}
|se|≤je
∏
e
(d2je − (2se)2)
∏
τ
{j + s}τ{j − s}τ (95)
Next, let us introduce a length variable l = dj lp, where lp is the Planck length. We would like to
evaluate the limit lp → 0 of the model, in a sector where the typical value of l is kept fixed, and
the spins s are bounded by a cut-off n much smaller than the typical value of j: n≪ l/lp.
Interestingly, using the techniques presented in [15], asymptotics of 6j-symbols in (95) can easily
be evaluated in this limit. We get:
{ l
2lp
± s− 1
2
}2τ ∼
4l3p
π
1
V(lij) cos
2

∑
i<j
(
lij
2lp
± sij
)
θτij +
π
4

 (96)
for fixed values of the length l and the spin s. This suggests the following semi-classical limit for
the model:
1
2|e|
(
l3p
π
)(|e|−|τ |)
ZPR
2
∆ ∼
1
(2π)|e|
∫ ∏
e∈∆
dle
∏
e
l2e
∑
{se≤n}
∑
{ǫτ ,ǫ′τ}
∏
τ
eiSτ (lp)
Vτ (97)
where Vτ is the volume of the tetrahedron τ with edge lengths le, and the action is given by (we
write θe for θ
τ
e and ǫ, ǫ
′ for ǫτ , ǫ
′
τ ):
Sτ (lp) =
∑
e∈τ
1
2lp
(ǫ+ ǫ′)leθe(le) + (ǫ− ǫ′)seθe(le) + (ǫ+ ǫ′)π
4
(98)
We can reorganize the sum over the orientations12:
∑
{ǫτ ,ǫ′τ}
eiSτ =
∑
ητ=±1
e
iητ
“P
e∈τ
le
lp
θe+
π
2
”
+
∑
η′τ=±1
eiη
′
τ
P
e∈τ (2se)θe (99)
12 using 2 cos a+b
2
cos a−b
2
= cos a+ cos b.
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and identify both Regge action and Poincare´ action. Denoting the RHS of (97) by Z˜∆(n, lp), we
are interested in the quantity
Z∆ = lim
n→∞
lim
lp→0
Z˜∆(n, lp) (100)
We will show that Z∆ is the partition function of our Poincare´ model (12). Let us focus on the
first limit lp → 0, n being fixed. The integrand of Z˜∆(n, lp) is a product of sums which one can
develop. The integral splits then into 2|τ | terms of the form
ı|K2|
(2π)|e|
∫ ∏
e∈∆
dlel
2
e
∑
{se≤2n}
∏
τ
1
Vτ
∏
τ∈K1

∑
η′τ
eıη
′
τ
P
e∈K1
seθe

 ∏
τ∈K2
(∑
ητ
ητe
ı
lp
ητ
P
e∈K2
leθe
)
(101)
K1 and K2 are disjoint sets covering the all set of tetrahedra; |K2| denotes the cardinal of K2. Note
that we have made the change of variables se → 2se, and then the spin are now integers. All terms
such that K2 6= ∅ are oscillatory integrals, and therefore under stationary phase evaluation are
typically of order l
|K2|/2
p . The term corresponding to K2 = ∅ is independent of lp and is therefore
the only term surviving when lp goes to zero.
lim
lp→0
Z˜∆(n, lp) =
1
(2π)|e|
∫ ∏
e∈∆
dlel
2
e
∑
{se≤2n}
∑
{ητ }
(∏
τ
eıητ
P
e seθe
Vτ
)
(102)
Eventually, by taking the limit n → ∞, we get the desired result and recover the Poincare´ model
in this semiclassical limit.
V. FEYNMAN DIAGRAMS ON HOMOGENEOUS SPACES
In this section we consider a scalar quantum field theory on spherical space-time. A Feynman
amplitude of a graph Γ embedded in the unit 3-sphere S3 takes the form
IΓ =
∫
S3
du1 · · · duN
∏
(ij)∈Γ
Gm(lij) (103)
dui is the normalized measure on the 3-sphere. The integrand is a product of propagators, which
are functions of the dimensionless spherical distances lij ∈ [0, π] between the vertices, and invariant
under the action of the group SO(4).
The results obtained for the flat case can directly be extended to the spherical one. Again,
the idea is to gauge out the integration measure. The invariant measure is expressed in terms of
spherical lengths and the Haar measure dU of SO(4) in the same way as in section II.
du1 · · · du3+k = dU
∑
ǫ∈{±1}k
∏
e∈∆k
dle sin le
∏
τ∈∆k
1
Vτ (104)
∆k is a triangulation, with spherical tetrahedra, of a 3-ball in S3, which possesses 3 + k vertices
on its boundary, and which does not contain any internal edge. Vτ is the square root of the Gram
determinant det [cos lij] (see appendix) associated to the tetrahedron τ .
A key identity relates the Gram determinants of the tetrahedra of a spherical 4-simplex, which
has a form analogous to (14). We refer the reader to the appendix where the formula (17) and (18)
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are established for spherical simplices. This leads to the emergence of the topological spin-foam
model
Z∆ =
1
(2π)|e|
∫ ∏
e∈∆
dle sin
2 le
∑
{se,ǫτ}
(∏
τ
eıǫτSτ (se,le)
Vτ
)
(105)
The action for each tetrahedron reads
Sτ =
∑
e∈τ
seθ
τ
e (le) (106)
where θτe is the spherical interior dihedral angle of the edge e in τ . The Feynman amplitude IΓ is
then the expectation value of the observable OΓ(le) =
∏
e∈ΓGm(le) for the model (105) computed
on any triangulation ∆ of S3 which contains Γ as a subgraph. Analogous results for hyperbolical
space are obtained by working on the hyperboloid and by replacing all the angles by hyperbolic
angles.
Again, the model (105) takes the form of a Ponzano-Regge model. The weight associated to
this model satisfies a pentagonal identity, and can be interpreted as a 6j-symbol. It is not difficult
to convince oneself that the underlying group is the quantum double DSU(2) [20]; the proof of
this statement is identical to the flat case, so we do not repeat it here.
The classical study of the action (106) differs from the flat case, since the eom non longer admit
the so called Regge solutions se = αle, unless α = 0. Therefore the connection with usual Regge
gravity seems to be lost. However, it is worth noting that these solutions can be reintroduced by
adding a volume term 2
∑
τ Volτ (le) to the action (106), where Volτ (le) is the spherical volume of
the tetrahedra (which should not be confused with Vτ ).
One can check that the model obtained is still topological, and that Feynman amplitudes can
be written as evaluations of observables for this model as well. Let us introduce length variables
le =
√
ΛLe, where Λ is the cosmological constant. The new action can be written in terms of the
geometrical data of a tetrahedron of curvature Λ
Sτλ =
∑
e∈τΛ
seθ
τΛ
e (Le) + 2Λ
3/2VolτΛ(Le) (107)
where τΛ is the image of τ by the re-scaling le → Le = le/
√
Λ, and θτΛe is the dihedral angle of e in
τΛ. Now using the spherical Schla¨fli identity for the tetrahedron τΛ∑
e
Ledθe + 2ΛdVol = 0,
we see that the variation of the action (107) gives Regge solution se =
√
ΛLe. If we insert this
solution into the action (107), we recover the Regge action describing discrete 3d gravity with
cosmological constant Λ. Thus, the presence of a cosmological constant removes the degeneracy of
the Regge solutions, and leads to the natural value α =
√
Λ for the scale parameter. Eventually
let us remark that, since the topological model associated to the action (107) reduces to the
Poincare´ model (14) when Λ→ 0, we expect the associated symbol to be, again, the 6j-symbol of
a deformation of the Poincare´ group.
VI. GRAVITY AND BF THEORY
Before concluding, we would like to give some continuum explanation for the results we have
obtained here. The fact that our state-sum model is built from 6j-symbols of the Poincare´ group
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shows, from standard arguments [11], that the topological theory which we have described in terms
of a spin foam model is the quantization of a Poincare´ BF theory. This theory can be written in
terms of a one-form E and a connection A, both valued in the Poincare´ algebra, whose generators
Ji, Pi, i = 0, 1, 2 satisfy
[J i, J j ] = 2ǫijkJk, [J
i, P j ] = 2ǫijkPk, [P
i, P j ] = 0, (108)
and
E ≡ eiPi + biJi, A ≡ ciPi + ωiJi. (109)
The action is given by
S =
∫
M
tr(E ∧ F [A]) (110)
where F (A) = dA+A∧A, and where the invariant trace is taken to be tr(JiPj) = δij , tr(PiPj) =
tr(JiJj) = 0. In components this reads
S =
∫
M
(ei ∧Ri[ω] + bi ∧ dωci). (111)
This model was introduced in [21] and recently studied in [22]. e is interpreted as the three
dimensional frame field, ω as the spin connection; b, c are some topological matter fields. Its
equations of motion when b = c = 0 have, as the only solution, the flat space-time dωe = 0 and
R(ω) = 0. Following [2], one also expects the Feynman diagram observables to be related to Wilson
lines observables for this theory
OΓ = Pexp
∫
Γ
tr(etJ0). (112)
This result is reminiscent to the Polyakov reformulation of Feynman amplitudes as worldline
integrals [23]. Such an interpretation provided a natural way, by replacing worldlines by worldsheets
integrals, to deform field theory in terms of a dimensionfull parameter - leading to string theory.
Analogously, our formulation of Feynman amplitudes in terms of spin foam models may provide a
new way to think about consistent dimensionfull deformation of field theory structure, in order to
take into account the quantum nature of background geometry.
VII. CONCLUSION
We have given in this paper a new perspective on closed Feynman diagrams in three dimensions.
The main point was to show that the language of spin foam models - which was developed in order
to address the problem of a background independent approach to quantum gravity - naturally
arises in the context of quantum field theory, and that a careful study of Feynman amplitudes can
even lead to a purely algebraic understanding of the quantum weights. It was also shown that
usual field theory can be given a background independent perspective in the sense that the flat
space geometry is purely encoded in terms of a choice of weights controlling the dynamics of the
geometry .
This result is by itself very encouraging since it clearly shows that the language of spin foam is
not unrelated to the usual language of field theory and also suggests a new way to investigate the
semi-classical limit of quantum gravity. Namely, the Feynman diagram spin foam model provides
a ‘zero order’ approximation of the full quantum gravity model, giving strong constraints on the
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possible quantum gravity extensions. Such consistent extensions are known in 3d; but it should
be clear from the analysis presented here and as shown in [1] that the results of this paper can be
extended to higher dimensions.
We have addressed in this paper the case of scalar field closed Feynman diagrams. This clearly
needs to be investigated further; first to the case of open diagrams but also to the case of higher
spin fields. We expect in the later extension, the variable s which appears in our model, to acquire
a more direct physical meaning. It would also be useful to have a deeper understanding of how
usual Feynamn diagrams can be understood as the expectation value of topological observables
from the point of view of the continuum, as sketched in the last section.
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APPENDIX A: GEOMETRY OF SIMPLICIAL COMPLEXES
In this appendix we first recall some definitions and notations, and give a proof of the results
(17), (18).
1. Basic definitions and discussion about orientation
We start by recalling basic features about D-dimensional simplices. An abstract (or combinato-
rial) D-simplex is a D+1-elements set {0, · · · ,D}. Its k+1-elements subsets are called k-faces of
the simplex. An embedded spherical D-simplex is defined by D+1 normalized vectors (e0, · · · eD)
in RD+1, e2i = 1. The spherical edge lengths lij are given by
cos lij = ei · ej.
We denote by (b0, · · · , bD) the dual vectors: bi.ej ≡ δij , and we define :
V(e0, · · · , eD) ≡ |det(e0, · · · , eD)| (A1)
G(e0, · · · eD) ≡ det(ei.ej) = det(cos lij) = V2(e0, · · · , eD) (A2)
V2 = G is the determinant of the Gram matrix associated to this simplex. The interior dihedral
angles are denoted by θij ∈ [0, π] and defined by
bi.bj = − |bi| |bj| cos θij
In this paper we work only with the interior angles and refer to them simply as dihedral angles.
θij is the angle between the (D − 1)-faces i and j (i.e the faces obtained by dropping the points
i or j) 13. Hence, they are labelled by the (D − 2)-face Fij opposite to i and j. In particular for
D = 3, dihedral angles are labelled by the edges of the tetrahedron, and for D = 4 by the faces of
the 4-simplex.
An orientation of an abstract D-simplex is a choice of an ordering (0, · · ·D) of its points, up
to even permutations [24]. A coloring (le, ǫ) of an oriented simplex is a set of numbers le ∈ [0, π],
13 The exterior dihedral angle given by φij ≡ π − θij is the angle between the normals to the (D − 1)-simplices i, j.
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labelling the edges of the simplex and satisfying triangular inequalities, together with a sign ǫ = ±1.
A given coloring promotes an abstract oriented simplex to an embedded spherical simplex; namely,
it defines, up to rotations in SO(D + 1), normalized vectors (e0, · · · eD) - ordered according to
the orientation - in RD+1, such that cos lij = ei · ej , and such that the sign of the determinant
det(e0, · · · eD) is ǫ. The embedding is then called compatible with the coloring. In the flat case, a
coloring (le, ǫ), with le ∈ R+ and ǫ = ±1, specifies the geometry of a flat simplex (0, · · ·D) in RD,
namely a set of D vectors ~li, i = 1 · · ·D represented by the oriented edges (0i), and such that the
sign of the determinant det(~l1, · · ·~lD) is ǫ. For instance, 4 ordered points (0, 1, 2, 3), six positive
numbers lij , i, j = 0 · · · 3 and an element ǫ ∈ {±1}, determine the geometry of a flat tetrahedron
in R3.
An orientation of a D-simplex induces an orientation for each of its (D − 1)-faces by dropping
the missing point in an even ordering of the points of the D-simplex in which this missing point is
first. Now lets consider two oriented D-simplices sharing a (D− 1)-face. The orientations of these
D-simplices are said consistent with each other if the shared face inherits opposite orientations from
them. A triangulation ∆ is said orientable if there exists a choice of consistent orientations for all
simplices [24]; such a choice is then, by definition, an orientation of ∆. In this work we consider
only orientable triangulations. For each of the triangulations we are working with, an orientation
is implicitly chosen and fixed; and we don’t refer to it anymore. A coloring of a triangulation is
then a set {le, ǫσ}, where le ∈ [0, π] label the edges and ǫσ ∈ {±1} label the simplices. Abusing
terminology, the signs ǫσ will be called ‘orientations’ of the simplices.
With these definitions it is now straightforward to check the property illustrated in Fig 1, section
II. Given two D-simplices σ1 and σ2 glued along a (D − 1)-face, a coloring cσ1∪σ2 = {le, ǫσ1 , ǫσ2}
defines a map φσ1∪σ2 → RD such that φσi is compatible with the coloring cσ1 = {le, ǫσi} induced
on σi by cσ1∪σ2 . Then, if ǫσ1 = ǫσ2 , the two points opposite to the common face in each embedded
D-simplex do not belong to the same half-space bounded by the hyperplane spanned by this face.
Let us give some precisions about the notion of deficit angle: we consider a set ΣF = {σ ⊃ F}
of D-simplices sharing a given (D − 2)-face F in a colored triangulation. θσF denotes the dihedral
angle of the face F in the simplex σ ∈ ΣF . The deficit angle of the face F is a function ωǫF (le) of
edge labels and orientations ǫ ≡ {ǫσ, σ ∈ ΣF} of the D-simplices surrounding F . It is defined by
ωǫF (le) =
∑
σ∈ΣF
ǫσθ
σ
F (A3)
Deficit angles are usually defined modulo 2π. They represent the curvature localized on (D − 2)-
faces, in the sense of Regge calculus. While each D-simplex can be mapped in SD (or RD in the
flat case), in general there is no global map, compatible with the coloring, of the complex ΣF .
The existence of such a map requires the deficit angle (A3) to vanish modulo 2π. We represent
below, for D = 2, and in the case of three triangles surrounding a vertex, different configurations
for which the deficit angle at this vertex vanishes modulo 2π. The complex formed by the triangles
is embedded in the Euclidean plane (in the flat case). We denote by ǫ the triplet (ǫ1, ǫ2, ǫ3), where
ǫj is the orientation of the triangle opposite to the point j.
We eventually define and describe some properties of the solid angles seen at vertices of a
triangulation. In a 3D-triangulation ∆, we consider a vertex v and a tetrahedron τ to which v
belongs. A 2d sphere surrounding v intersects τ along a spherical triangle: the angles of this
triangle are the dihedral angles θτe of the edges of τ meeting at v, and its area, denoted by Aτ ,
is the solid angle seen at v within τ . The spherical triangles associated to all tetrahedra sharing
v triangulate a surface called the link Lv of the vertex v. The total algebraic solid angle at v is
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ǫ = ±(1, 1, 1) ǫ = ±(1,−1, 1) ǫ = ±(1,−1,−1)
defined to be
Ω˜ǫv =
∑
τ⊃v
Aǫττ
where Aǫττ = Aτ if ǫτ = 1 and 4π − Aτ if ǫτ = −1. Note that by construction Ω˜ǫv = Ωǫv mod 4π,
where the RHS is defined as in section IIIC.
We also define the quantity ω˜ǫe =
∑
τ⊃e θ˜
ǫ
e,τ , where θ˜
ǫ
e,τ = θ
τ
e if ǫτ = 1, and 2π − θτe if ǫτ = −1.
Note that this quantity is related to the deficit angle as ω˜ǫe = ω
ǫ
e mod 2π.
Using the relation between area and angles for a spherical triangle, which reads here Aτ =∑
e⊃v θ
τ
e − π, it is straightforward to check the following equality:
1
2π
[
Ω˜ǫv +
∑
e⊃v
(2π − ω˜ǫe)
]
= χ(Lv) (A4)
where χ(L) = |τ |− |F |+ |e| is the Euler characteristic of the link, |τ |, |F | and |e| being the number
of tetrahedra, faces and edges of ∆ touching the vertex v, or equivalently the number of triangles,
edges and vertices of the triangulation of the surface Lv. If ∆ triangulates a manifold, every link
Lv is homeomorphic to a 2d-sphere, and therefore χ(Lv) = 2. The equality (A4) relates the total
solid angle at v with the deficit angles of the edges meeting at v.
Lets study the case of a vertex 0 surrounded by four tetrahedra 1, 2, 3, 4. This configuration
arises, for example, after a move (1, 4). First, if the deficit angle ωǫ0i of the four edges (0i) vanish
modulo 2π, then the Footnote 4, together with (A4), yield:
Ωǫ0 = 4πn(ǫ), with n(ǫ) =
{
ǫ1 if ǫi = ǫj ∀ (i, j)
0 if not
(A5)
In particular, Ωǫ0 = 0 mod 4π. Now lets only suppose that the deficit angle ω
ǫ
04, with ǫ = (ǫ1, ǫ2, ǫ3),
of the edge (04), vanishes modulo 2π. With the arguments exposed in section IIIC, this means
that the complex of four tetrahedra 1, 2, 3, 4 can be mapped in R3, and therefore, there exists a
value of the orientation ǫo4 such that the three other deficit angles vanishes modulo 2π as well,
which implies Ω
ǫi,ǫo4
0 = 0 mod 4π. Now as a consequence
14, one has Ω
ǫi,−ǫo4
0 6= 0 mod 4π. This
justifies the identity (38): the insertion of the function χ(Ωǫ0) acts as a Kronecker symbol δǫ4,ǫo4 ,
where ǫo4 = ηǫ
±
4 .
14 Except for pathological configurations whose contribution is negligible.
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2. On the geometry of the simplex
We work here in the context of spherical geometry. The results for flat space are obtained by
taking the limit where lij → 0 while ratios lij/lkl are kept fixed. In this limit, G reduces to the
square of the usual Euclidean volume, and we have the following correspondence :
V(e0, · · · , eD) ∼ D!V (lij)), sin lij ∼ lij , cos(lij)− 1 ∼ −1
2
l2ij . (A6)
Abusing terminology, we will call V the ‘volume’ of the simplex, keeping in mind that it reduces
to the volume only in the flat space limit.
Next we will need the following result. Let (e0, . . . , eD) a D-simplex and Lk be the subspace
span{b0, . . . , bk−1} generated by the vectors dual to (e0, . . . , ek−1). By construction Lk is the
subspace orthogonal to span{ek, · · · , eD}. We denote by (h0, . . . , hk−1) the orthogonal projection
of (e0, · · · , ek−1) onto Lk. In other words, the hi are defined to be the vectors of RD+1 which satisfy
the properties
hi · bj = δij ∀j < k, and hi · ej = 0 ∀j ≥ k (A7)
One then has:
Proposition 1 The following equalities hold
V(e0, · · · , eD) = V(h0, · · · , hk−1, ek, · · · , eD) (A8)
= V(h0, · · · , hk−1)V(ek, · · · , eD) = V(ek, · · · , eD)V(b0, · · · , bk−1) (A9)
where the function V is defined to be V(v1, · · · , vn) ≡ det(v1, · · · , vn) within span(v1, · · · , vn).
The first equality arises from elementary column operations on the determinant, the second one by
orthogonality, and the third one from the duality of the basis (hi)0≤i≤k−1 and (bi)0≤i≤k−1 within
Lk.
If one applies this result for k = 1 one sees that
|bi| = |hi|−1
where |hi| is the height of the D − 1 face i, defined as
Vi = V|hi| , (A10)
V being the D-simplex ‘volume’ and Vi the volume of the face i. The proposition for k = 2 leads
to the identity
VVij = ViVj sin θij (A11)
where Vij is the ‘volume’ of the D − 2 face obtained by dropping i, j and θij the dihedral angle
between the faces i and j.
Using the well known relation between the cofactor matrix and the inverse matrix one easily
sees that the dual vectors can be expressed through the derivative of the volume:
Vbiµ =
∂V
∂eµi
. (A12)
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This implies the derivative formula
∂V2
∂ cos lij
= −2ViVj cos θij. (A13)
This is shown if one looks at the variation
δV2 = 2V2biµδeµi = 2V2
∑
i,j
(bi · bj)ej · δei = 2V2
∑
i<j
(bi · bj)δ(ej · ei) = −2ViVj
∑
i<j
cos θij δ cos lij
where summations over repeated indices is understood when it is not explicit, and where i and µ
indices are raised and lowered with flat metric. From (A11, A13), one can compute the derivative
∂θij
∂lij
=
Vij sin lij
V . (A14)
To show this, lets start from the square of (A11) and derive it with respect to cos lij . Since neither
Vi,Vj nor Vij depends on lij , one obtains
∂V2
∂ cos lij
V2ij = V2i V2j
∂ sin2 θij
∂ cos lij
= (ViVj sin θij)(2ViVj cos θij) ∂θij
∂ cos lij
.
Using once again the identities (A11,A13), the RHS is equal to
−VVij ∂V
2
∂ cos lij
∂θij
∂ cos lij
=
VVij
sin lij
(
∂V2
∂ cos lij
) (
∂θij
∂lij
)
,
from which (A14) follows. Finally we derive a last derivative identity by taking the derivative of
(A13) with respect to cos lij. With the help of (A14, A11) one obtains
∂2V2
(∂ cos lij)2
= −2V2ij. (A15)
Next we will show the following
Proposition 2 We consider a spherical 4-simplex (e0, · · · , e4). We denote by lij its lengths and
G ≡ G(e0, · · · , e4) its Gram determinant. Let Vj be the volume and ǫj the orientation of the
tetrahedron τj obtained by dropping the vertex j. Then:
∂G
∂l04
∣∣∣∣
l±04
= ∓2 sin l04V0V4 (A16)
∂G
∂ωǫ04
∣∣∣∣
l±04
= −2ǫ1ǫ2ǫ3V1V2V3
sin l04
(A17)
where (l±04, ǫi) are solution of G = 0 and ω
ǫ
04 = 0 mod 2π, with l
−
04 ≤ l+04.
The first equality simply arises from (A13) and from the fact that the 4D dihedral angle of the
face [123] is π if l04 = l
+
04 and 0 if l04 = l
−
04.
To show the second equality, we first use the Proposition 1 for D = 3 and k = 2 to express the
volume Vi of the tetrahedron τi, i = 1, 2, 3, as
Vi = V(hj , hk)V(e0, e4) = |hj ||hk| sin θij sin l04 (A18)
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where ijk is a permutation of 123, and |hl| is the height of the point l in the face [04l]. Indeed,
first, recall that bj · bk = −|bj ||bk| cos θjk, where θjk is the dihedral angle between the faces [04j]
and [04k] in τi; second, writing hj ·hk = |hj ||hk| cos θ′ij, the duality of the basis (hj , hk) and (bj , bk)
within the plane span(bj , bk) implies the relation θ
′
ij = θij.
Now, still with the Proposition 1, the volume of the 4-simplex factorizes as
V = V(h1, h2, h3)V(e0, e4) = |h1||h2||h3|V(h˜1, h˜2, h˜3) sin l04 (A19)
Since variations of the dihedral angles leave heights |hi| and length l04 invariant, one only has to
compute the variation of the quantity
V2(h˜1, h˜2, h˜3) = det(cos θij)
A first way to perform this variation is to use (A13) with the following correspondence lij → θij,
and θij → αij , where αij is the dihedral angle between edges i and j in the spherical triangle defined
by (h˜1, h˜2, h˜3). On can convince oneself that, when G = 0, this spherical triangle is degenerate
and, furthermore, cosαij = −ǫiǫj . Consequently, one gets
δV2(h˜1, h˜2, h˜3) = −2ǫ1ǫ2ǫ3 sin θ12 sin θ13 sin θ23(ǫ1θ23 + ǫ2θ13 + ǫ3θ12) (A20)
where the term in parenthesis is the variation of the dihedral angle ωǫ04.
An other way to obtain this variation is a direct computation of the determinant. Indeed,
δV2(h˜1, h˜2, h˜3) = −2 sin θ12(cos θ12 − cos θ13 cos θ23)δθ12 + perm (A21)
Now, since the deficit angle ωǫ04 = ǫ1θ23 + ǫ2θ13 + ǫ3θ12 vanishes modulo 2π, one can write
cos θ12 − cos θ13 cos θ23 = cos ǫ3θ12 − cos θ13 cos θ23
= cos(ǫ1θ23 + ǫ2θ13)− cos θ13 cos θ23 = ǫ1ǫ2 sin θ23 sin θ13, (A22)
and insert this identity in (A21), to get (A20).
Eventually, the variation of G = V2 reads
δG = −2ǫ1ǫ2ǫ3|h1|2|h2|2|h3|2 sin2 l04 sin θ12 sin θ13 sin θ23 δωǫ04 (A23)
which, thanks to (A18), can be written as
δG = −2ǫ1ǫ2ǫ3V1V2V3
sin l04
δωǫ04 (A24)
This last equality finally shows (A17).
APPENDIX B: FLATNESS IDENTITIES FOR THE TETRAHEDRON
We consider a flat tetrahedron IJKL with edge lengths lij . We define: θ
JK
I ∈ [0, π] to be the
geometric angle between the edges (IJ) and (IK) within the triangle IJK, φeIJ ∈ [0, π] to be the
exterior dihedral angle of the edge (IJ). We introduce the matrices a JKI ≡ aθ JKI and h
+
IJ ≡ hφeIJ ,
h−IJ ≡ h2π−φeij , with
hφ =
(
eıφ/2 0
0 e−ıφ/2
)
, aθ =
(
cos θ/2 sin θ/2
− sin θ/2 cos θ/2
)
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Note that, by construction, hIJ = hJI and a
JK
I = a
KJ
I . Any SU(2) matrices acts as a rotation on
R
3 by adjoint action g · (xiσi) ≡ g(xiσi)g−1; as such hξ is a rotation of axis z and angle ξ, aθ a
rotation of axis y and angle θ.
Then for all even permutation (IJKL) of (0123), the following vertex identities hold:
hǫIJa
LI
I h
ǫ
ILa
LK
i h
ǫ
IKa
KJ
I = −ǫ1 (B1)
Moreover, if one considers (B1) as an equation in ξIJ where ξIJ ∈ [0, 2π] and hIJ = hξIJ , then
ξIJ = φ
e
IJ (the exterior dihedral angle) is the only solution for ǫ = +1, and similarly ξIJ = 2π−φeIJ
is the only solution in [0, 2π] of (B1) for ǫ = −1.
To prove this, let us focus on the vertex 0, and let us first give a geometrical interpretation to
(B1). We start from a configuration of the edges meeting at 0 such that the edge (01) is along the
axis z, the edge (02) is in the plane (x, z) and in the direction of the axis x, and the edge (03) is
in the direction of the axis y. After the rotation a 210 , the edge (02) is along the axis z; after the
rotation h+02 the edge (03) is in the plane (x, z). The combination h
+
02a
21
0 just amounts to a cyclic
permutation of the edges (0i): after doing three permutations we are back where we have started.
Therefore the product (B1) is equal to ±1.
In order to establish our statement, lets compute the two sides of the equality:
h03a
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0 h02 = −ǫ(a130 )−1(h01)−1(a120 )−1 (B2)
In detail the equations are
− ǫeı(ξ01+ξ02+ξ03)/2 cos θ320 /2 = cos θ130 /2 cos θ120 /2− eıξ01 sin θ130 /2 sin θ120 /2 (a)
ǫeı(ξ01+ξ02−ξ03)/2 sin θ320 /2 = sin θ
13
0 /2 cos θ
12
0 /2 + e
−ıξ01 cos θ130 /2 sin θ
12
0 /2 (b),
as well as their complex conjugate. The equations (a) and (b) provide four real equations whose
only three are independent, because of the unitarity condition for the matrices in (B2). Indeed,
considering aa¯+ ab¯, where a¯ denotes the complex conjugate of the identity (a), leads to the trivial
equality 1 = 1. Now by taking aa¯− ab¯, we get
c32 = c12c13 − cos ξ01s13s12 (B3)
and two similar equations obtained by permutation of indices. cij , sij denote cos θ
ij
0 , sin θ
ij
0 . These
equations in ξ0i are those satisfied by the exterior dihedral angles. Consequently
cos ξ0i = cosφ
e
0i. (B4)
Therefore, ξ0i = φ
e
0i or ξ0i = 2π − φe0i, since by hypothesis ξ0i ∈ [0, 2π].
In order to choose between these two possibilities we need an additional geometrical interpreta-
tion of these angles: if we surround the vertex 0 by a 2d-sphere, the three edges meeting at 0 will
intersect this sphere along three vertex of a spherical triangle, the interior of this triangle being
inside the tetrahedra. θ ij0 is then the spherical length of the edge (ij) of this triangle, and φ
e
0i is
the exterior dihedral angle at the vertex i. The area of this spherical triangle is given by
Ae = 2π − φe01 + φe02 + φe03, 0 < A < 2π. (B5)
We can take the imaginary part of (a), which implies
ǫ
sin ξ01
sinA/2
=
cos θ 230 /2
sin θ 130 /2 sin θ
12
0 /2
≡ C1 > 0 (B6)
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where A ≡ 2π − ξ01 + ξ02 + ξ03. By symmetry on can get similar identities leading to positive
constants Ci, i = 1 . . . 3, and therefore we find
sin ξ0i
sin ξ0j
=
Ci
Cj
> 0 ∀ (ij) (B7)
This last property imposes all the ξ0i to coincide to φ
e
0i or all to 2π−φe0i. In the first case we have
A = Ae; in the second A = −2π −Ae; in both cases sinA/2 > 0. Therefore one sees that the sign
of sin ξ01 is ǫ. This shows that the solutions are φ0i = φ
e
0i when ǫ = +1 and φ0i = 2π − φe0i when
ǫ = −1.
As an application of the calculation of (B2), let us show the expression (91) for the jacobian.
By considering the Euler decomposition of the matrix a 120 h02a
23
0 ≡ hφaθhψ we write
g(ξ0i) = h01hφaθhψh03 (B8)
The Euler parameters do not depend on ξ01, ξ02. Therefore
dg =
1
2
sin θdθd(ξ03 + φ)d(ξ02 + ψ) (B9)
=
1
2
sin θdθ
dξ03
2π
dξ02
2π
. (B10)
Now we know from previous calculations that the angles ξ01 and θ are related to each other in the
following way
cos θ = c12c23 − cos ξ01s12s23 (B11)
where cij , sij denotes cos θ
ij
0 , sin θ
ij
0 . Consequently
sin θdθ = 2π sin ξ01s12s13
dξ01
2π
(B12)
= 2π
V(lij)
l01l02l03
dξ01
2π
(B13)
V(lij) is (3! times) the volume of the tetrahedron whose edge lengths are lij . The last formula
holds as long as ξ01 is a solution of (B1), since this angle is then equal, up to a sign and modulo
2π, to the exterior dihedral angle of the edge (01). Hence,
dg = π
V(lij)
l01l02l03
∏
i
dξ0i
2π
(B14)
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